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In 1965, Zadeh [1] introduced the concept of fuzzy sets, as a
new way to represent the vagueness in every day life. Kramosil
and Michalek [2] investigated the notion of fuzzy metric space
which is closely related to a class of probabilistic metric spaces.
In [3,4], George and Veeramani modiﬁed the concept of fuzzy
metric space of Kramosil and Michalek, and obtained a
Hausdorff and ﬁrst countable topology on the modiﬁed fuzzy
metric space. They also obtained a Hausdorff topology for this
kind of fuzzy metric space which has very important applica-
tions in quantum particle physics, particularly in connection
with both string and 1 theory (see, [5] and references therein).
Since then, Gregori and Romaguera [6] proved that thetopology induced by a fuzzy metric space in George and
Veeramani’s sense is metrizable. Grabiec [7] obtained a fuzzy
version of the Banach contraction principle in fuzzy metric
spaces in Kramosil and Michalek’s sense. Many mathemati-
cians proved several ﬁxed point results in fuzzy metric spaces
(see, for instance [8–18]).
Gregori and Sapena [19] introduced the concept of fuzzy
contractive mappings and proved some ﬁxed point results for
such mappings. Kirk et al. [20] introduced the notion of a cyc-
lic representation and characterized the Banach contraction
principle in the context of a cyclic mapping. Some interesting
ﬁxed point results for cyclic contraction in fuzzy metric spaces
can be seen in [21–23]. In this paper, we generalize and extend
the concept of fuzzy contractive mappings to fuzzy cyclic
contraction and prove some ﬁxed point results for operators
belong to a class consisting fuzzy cyclic operators in complete
fuzzy metric spaces. Some examples are provided which
illustrate the results.
For the sake of completeness, we recall some deﬁnitions
and properties of fuzzy metric spaces.
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function with domain X and values in ½0; 1.
Deﬁnition 1.2 [24]. A binary operation H : ½0; 1
½0; 1 ! ½0; 1 is a continuous t-norm if f½0; 1;Hg is an abelian
topological monoid with unit 1 such that a H b 6 c H d when-
ever a 6 c and b 6 d; a; b; c; d 2 ½0; 1. Three typical examples
of t-norms are a H b ¼ minfa; bg (minimum t-norm),
a H b ¼ ab (product t-norm), and a H b ¼ maxfaþ b 1; 0g
(Lukasiewicz t-norm).
Deﬁnition 1.3 [3]. The triplet ðX;M;HÞ is called a fuzzy metric
space if X is an arbitrary set, H is a continuous t-norm and M
is a fuzzy set in X2  ð0;1Þ satisfying the following conditions:
(for all x; y; z 2 X and s; t > 0)
(M1) Mðx; y; tÞ > 0;
(M2) Mðx; y; tÞ ¼ 1 if and only if x ¼ y;
(M3) Mðx; y; tÞ ¼ Mðy; x; tÞ;
(M4) Mðx; y; tÞ H Mðy; z; sÞ 6 Mðx; z; t þ sÞ;
(M5) Mðx; y; Þ : ð0;1Þ ! ½0; 1 is continuous.
Here M with H is called a fuzzy metric on X. Note that,
Mðx; y; tÞ can be thought of as the deﬁnition of nearness be-
tween x and y with respect to t. It is known that Mðx; y; Þ is
nondecreasing for all x; y 2 X (see [4]). For examples of fuzzy
metric spaces we refer to [25].
Let ðX;M;HÞ be a fuzzy metric space. For t > 0, the open
ball Bðx; r; tÞ with center x 2 X and radius 0 < r < 1 is deﬁned
by
Bðx; r; tÞ ¼ fy 2 X : Mðx; y; tÞ > 1 rg:
The collection fBðx; y; tÞ : x 2 X; 0 < r < 1; t > 0g is a neigh-
borhood system for a topology s on X induced by the fuzzy
metric M. This topology is Hausdorff and ﬁrst countable.
Lemma 1.1 ([4,26]). Let ðX;M;HÞ be a fuzzy metric space.
Then M is a continuous function on X2  ð0;1Þ.
Deﬁnition 1.4 [3]. A sequence fxng in a fuzzy metric space
ðX;M;HÞ is said to be convergent to x 2 X if for each
e 2 ð0; 1Þ and each t > 0 there exists n0 2 N such that
Mðxn; x; tÞ > 1 e for all n > n0.
Deﬁnition 1.5 [3]. A sequence fxng in a fuzzy metric space
ðX;M;HÞ is said to be a Cauchy sequence if for each
e 2 ð0; 1Þ and each t > 0 there exists n0 2 N such that
Mðxn; xm; tÞ > 1 e for all n;m > n0.
A fuzzy metric space in which every Cauchy sequence is
convergent is called a complete fuzzy metric space.
Deﬁnition 1.6 [7]. A sequence fxng in a fuzzy metric space
ðX;M;HÞ is called G-Cauchy if
lim
n!1
Mðxnþp; xn; tÞ ¼ 1;
for each t > 0 and p > 0.
The above deﬁnitions of Cauchy sequences are different;
for details we refer to [27].Theorem 1.1 [3]. A sequence fxng in a fuzzy metric space
ðX;M;HÞ converges to x if and only if Mðxn; x; tÞ ! 1 as
n!1.
It is well known that every closed subset of a complete fuzzy
metric space is complete.
In [19], Gregori and Sapena introduced the concept of fuzzy
contractive mappings as follows:
Let ðX;M;HÞ be a fuzzy metric space. We say that the
mapping T : X ! X is fuzzy contractive if there exists
k 2 ½0; 1Þ such that
1
MðTx;Ty; tÞ  1 6 k
1
Mðx; y; tÞ  1
 
ð1:1Þ
for all x; y 2 X and t > 0. Here k is called the fuzzy contractive
constant of T.
2. Main results
In this section we deﬁne a class of cyclic operators on fuzzy
metric spaces and investigate the existence and uniqueness of
ﬁxed points of these operators.
In [20], the following concept of cyclic representation of a
set is deﬁned.
Let X be a nonempty set and T : X ! X be an operator,
A1;A2; . . . ;Am be subsets of X. Then X ¼
Sm
i¼1Ai is a cyclic
representation of X with respect to T if
(a) Ai; i ¼ 1; 2; . . . ;m are nonempty sets;
(b) T ðA1Þ  A2; . . . ; T ðAm1Þ  Am; T ðAmÞ  A1.
Deﬁnition 2.1. Let ðX;M;HÞ be a fuzzy metric space,
A1;A2; . . . ;Am be subsets of X and Y ¼
Sm
i¼1Ai. An operator
T : Y ! Y is called fuzzy cyclic contraction if the following
conditions hold:
(i) Y ¼ Smi¼1Ai is a cyclic representation of Y with respect to
T;
(ii) there exists k 2 ½0; 1Þ such that
1
MðTx;Ty; tÞ  1 6 k
1
Mðx; y; tÞ  1
 
ð2:1Þ
for any x 2 Ai; y 2 Aiþ1 ði ¼ 1; 2; . . . ;m, where Amþ1 ¼ A1)
and each t > 0.Deﬁnition 2.2. Let ðX;M;HÞ be a fuzzy metric space,
A1;A2; . . . ;Am be subsets of X and Y ¼
Sm
i¼1Ai. A self operator
T of Y is said to belong to the class DCMðk1; k2; k3Þ if the follow-
ing conditions hold:
(i) Y ¼ Smi¼1Ai is a cyclic representation of Y with respect
to T;
(ii) there exist 0 6 k1; k2; k3 < 1 such that
1
MðTx;Ty; tÞ  1 6 k1
1
Mðx; y; tÞ  1
 
þ k2 1
Mðx;Tx; tÞ  1
 
þ k3 1
Mðy;Ty; tÞ  1
 
ð2:2Þ
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each t > 0.
It is obvious that if an operator T is in the class DCMðk; 0; 0Þ
with 0 6 k < 1, then T is a fuzzy cyclic contraction.
Now we investigate the existence of ﬁxed points of opera-
tors in the class DCMðk1; k2; k3Þ. The ﬁrst proposition gives
uniqueness conditions of the ﬁxed point of an operator pro-
vided that the ﬁxed point exists.
Proposition 2.1. Let ðX;M;HÞ be a fuzzy metric space,
A1;A2; . . . ;Am be subsets of X and Y ¼
Sm
i¼1Ai. Let T be a self
operator of Y and belongs to DCMðk1; k2; k3Þ. If FðTÞ ¼
fx 2 Y : Tx ¼ xg – ;, then F ðTÞ consists of a single point.
Proof. Assume the contrary, that u; v 2 F ðTÞ  Y ¼Sm
i¼1Ai; u – v. Note that, u 2 Ai for some 1 6 i 6 m, so
u ¼ Tu 2 Aiþ1 and so on. Hence, u 2
Tm
i¼1Ai and similar result
holds for v therefore, it follows from (2.2) that
1
Mðu; v; tÞ  1 ¼
1
MðTu;Tv; tÞ  1
6 k1
1
Mðu; v; tÞ  1
 
þ k2 1
Mðu;Tu; tÞ  1
 
þ k3 1
Mðv;Tv; tÞ  1
 
6 k1
1
Mðu; v; tÞ  1
 
<
1
Mðu; v; tÞ  1;
a contradiction. Therefore, we must have u ¼ v. h
We now deﬁne asymptotically regular operators in fuzzy
metric spaces.
Deﬁnition 2.3. Let ðX;M;HÞ be any fuzzy metric space, T be a
self mapping of X and x 2 X. The mapping T is said to be
asymptotically regular at point x if
lim
n!1
MðTnx;Tnþ1x; tÞ ¼ 1 for all t > 0:
The next result gives a condition for a cyclic operator to be
asymptotically regular.
Proposition 2.2. Let ðX;M;HÞ be a fuzzy metric space,
A1;A2; . . . ;Am be subsets of X and Y ¼
Sm
i¼1Ai. Let T be a
self operator of Y and belongs to DCMðk1; k2; k3Þ with
k1 þ k2 þ k3 < 1. Then T is asymptotically regular at every
point x 2 Y.
Proof. Take an arbitrary point x0 2 Y and deﬁne the sequence
of Picard’s iterates xn ¼ Txn1 ¼ Tnx0 for all n 2 N. As,
x0 2 Y ¼
Sm
i¼1Ai, so for all n 2 N there exists i such that
1 6 i 6 m and xn 2 Ai and so xnþ1 ¼ Txn 2 Aiþ1. Therefore
for all t > 0, it follows from (2.2) that
1
Mðxnþ1;xnþ2;tÞ1 ¼
1
MðTxn;Txnþ1;tÞ1
6k1
1
Mðxn;xnþ1;tÞ1
 
þk2 1
Mðxn;Txn;tÞ1
 
þk3 1
Mðxnþ1;Txnþ1;tÞ1
 
¼k1 1
Mðxn;xnþ1;tÞ1
 
þk2 1
Mðxn;xnþ1;tÞ1
 
þk3 1
Mðxnþ1;xnþ2;tÞ1
 
;that is,
ð1 k3Þ 1
Mðxnþ1; xnþ2; tÞ  1
 
6 ðk1 þ k2Þ 1
Mðxn; xnþ1; tÞ  1
 
1
Mðxnþ1; xnþ2; tÞ  1 6
k1 þ k2
1 k3
1
Mðxn; xnþ1; tÞ  1
 
:
By repetition of this process we obtain
1
Mðxnþ1; xnþ2; tÞ  1 6
k1 þ k2
1 k3
 nþ1
1
Mðx0; x1; tÞ  1
 
: ð2:3Þ
Since k1 þ k2 þ k3 < 1, so k1þk21k3 < 1 and hence,
limn!1Mðxnþ1; xnþ2; tÞ ¼ 1. Therefore, for any arbitrary
x0 2 Y we have limn!1MðTnþ1x0;Tnþ2x0; tÞ ¼ 1 for all t > 0,
and result follows. h
We now prove the existence of ﬁxed point of operators in
the class DCMðk1; k2; k3Þ.
Theorem 2.1. Let ðX;M;HÞ be a fuzzy metric space,
A1;A2; . . . ;Am be subsets of X and Y ¼
Sm
i¼1Ai is such that
every G-Cauchy sequence in Y is convergent in Y. Let T be a self
operator of Y and belongs to DCMðk1; k2; k3Þ with
k1 þ k2 þ k3 < 1. Then T has a unique ﬁxed point u 2 Y and
the sequence of Picard’s iterates xn ¼ Txn1 ¼ Tnx0 for all
n 2 N, where x0 2 Y is arbitrary, converges to the ﬁxed point of
T.
Proof. Let n 2 N then for any pP 1 we have
Mðxn;xnþp;tÞ PMðxn;xnþ1;t=2ÞHMðxnþ1;xnþp;t=2Þ
PMðxn;xnþ1;t=2ÞHMðxnþ1;xnþ2;t=22Þ
HMðxnþ2;xnþp;t=22Þ
PMðxn;xnþ1;t=2ÞHMðxnþ1;xnþ2;t=22Þ
HMðxnþ2;xnþ3;t=23Þ
H    HMðxnþp1;xnþp;t=2p1Þ: ð2:4Þ
Setting k ¼ k1þk2
1k3 and MnðtÞ ¼Mðxn; xnþ1; tÞ for all t > 0 and
nP 0, it follows from inequality (2.3) of Proposition 2.2 that
1
Mnþ1ðtÞ 6
knþ1
M0ðtÞ þ 1 k
nþ1 6 k
nþ1
M0ðtÞ þ 1;
that is,
1
knþ1
M0ðtÞ þ 1
6Mnþ1ðtÞ for all t > 0 and nP 0:
Using the above inequality in (2.4) we obtain
Mðxn;xnþp; tÞ PMnðt=2ÞHMnþ1ðt=22ÞHMnþ2ðt=23Þ
H    HMnþp1ðt=2p1Þ
P
1
kn
M0ðt=2Þ þ 1
H
1
knþ1
M0ðt=22Þ þ 1
H    H 1
knþp1
M0ðt=2p1Þ þ 1
P
1
kn
M0ðt=2Þ þ 1
H
1
kn
M0ðt=22Þ þ 1
H    H 1
kn
M0ðt=2p1Þ þ 1
:
As, k < 1, letting n!1, we obtain from the above inequality
that
lim
n!1
Mðxn; xnþp; tÞ ¼ 1 for all t > 0; pP 1: ð2:5Þ
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assumption there exists u 2 Y such that
lim
n!1
Mðxn; u; tÞ ¼ 1 for all t > 0: ð2:6Þ
We shall show that u is the ﬁxed point point of T.
Note that, As Y ¼ Smi¼1Ai is a cyclic representation of Y
with respect to T, the sequence fxng has inﬁnite terms in each
Ai for i 2 f1; 2; . . . ;mg. Suppose that u 2 Ai then we have
Tu 2 Aiþ1, also take a subsequence fxnkg such that xnk 2 Aiþ1.
Then, for any t > 0 we have
1
Mðxnkþ1;Tu; tÞ
 1 ¼ 1
MðTxnk ;Tu; tÞ
 1
6 k1
1
Mðxnk ; u; tÞ
 1
 
þ k2 1
Mðxnk ;Txnk ; tÞ
 1
 
þ k3 1
Mðu;Tu; tÞ  1
 
6 k1
1
Mðxnk ; u; tÞ
 1
 
þ k2 1
Mðxnk ; xnkþ1; tÞ
 1
 
þ k3 1
Mðu;Tu; tÞ  1
 
:
Letting k!1 in the above inequality and using (2.5) and
(2.6), we obtain
1
Mðu;Tu; tÞ  1 6 k3
1
Mðu;Tu; tÞ  1
 
:
As, 0 6 k3 < 1 we must have 1Mðu;Tu;tÞ  1 ¼ 0, that is,
Mðu;Tu; tÞ ¼ 1 for all t > 0, hence Tu ¼ u. Thus, u is a ﬁxed
point of T. Therefore, F ðTÞ ¼ fx 2 Y : Tx ¼ xg – ;, and then
by Proposition 2.1, F ðTÞ consists of a single point, that is, the
ﬁxed point of T is unique. h
Following corollaries are immediate consequence of the
above theorem.
Corollary 2.1. Let ðX;M;HÞ be a fuzzy metric space,
A1;A2; . . . ;Am be subsets of X and Y ¼
Sm
i¼1Ai is such that every
G-Cauchy sequence in Y is convergent in Y. Let T be a fuzzy cyclic
contraction on Y. Then T has a unique ﬁxed point u 2 Y and the
sequence of Picard’s iterates xn ¼ Txn1 ¼ Tnx0 for all n 2 N,
where x0 2 Y is arbitrary, converges to the ﬁxed point of T.
Corollary 2.2. Let ðX;M;HÞ be a fuzzy metric space,
A1;A2; . . . ;Am be subsets of X and Y ¼
Sm
i¼1Ai is such that every
G-Cauchy sequence in Y is convergent in Y. Let T be a self oper-
ator of Y such that the following conditions hold:
(i) Y ¼ Smi¼1Ai is a cyclic representation of Y with respect to
T;
(ii) there exist 0 6 k1; k2 < 1 such that k1 þ k2 < 1 and
1
MðTx;Ty; tÞ  1 6 k1
1
Mðx;Tx; tÞ  1
 
þ k2 1
Mðy;Ty; tÞ  1
 
ð2:7Þfor any x 2 Ai; y 2 Aiþ1ði ¼ 1; 2; . . . ;m where Amþ1 ¼ A1) and
each t > 0.
Then T has a unique ﬁxed point u 2 Y and the sequence of
Picard’s iterates xn ¼ Txn1 ¼ Tnx0 for all n 2 N, where x0 2 Y
is arbitrary, converges to the ﬁxed point of T.
Next we give some examples which illustrate the above
results.
Example 2.1. Let X ¼ ½0; 1 and H be the usual product.
Consider the fuzzy set M : X2  ð0;1Þ ! ½0; 1 deﬁned by
Mðx; y; tÞ ¼ t
tþ jx yj for all x; y 2 X and t > 0:
Then ðX;M;HÞ is a complete fuzzy metric space. Let,
A1 ¼ 0; 25
 
, A2 ¼ 15 ; 1
 
and Y ¼ A1
S
A2. Deﬁne T : Y! Y
by
Tx ¼
77
120
; if x 2 ½0; 1=2;
11
25
ð1 xÞ; if x 2 ð1=2; 1:
(
Then, it is clear that Y ¼ A1
S
A2 is a cyclic representation of
Y with respect to T.
We shall show that T is in the class DCM
1
5 ;
1
5 ;
1
6
 	
. The case
x 2 0; 25
 
and y 2 15 ; 12
 
is trivial.
If, x 2 0; 25
 
and y 2 12 ; 1
 
then
1
MðTx;Ty; tÞ1 ¼
1
M 77
120
; 11
25
ð1yÞ;t 	1¼ tþ
11
25
y 121
600


 


t
1
¼
1
5
y 1
5
xþ 1
5
x 77
600
þ 6
25
y 11
150


 


t
6
1
5
jyxjþ 1
5
x 77
120


 

þ 1
6
36
25
y 11
25


 


t
¼ 1
5
tþjxyj
t
1
 
þ1
5
tþjxTxj
t
1
 
þ1
6
tþjyTyj
t
1
 
;
that is,
1
MðTx;Ty; tÞ  1 6
1
5
1
Mðx; y; tÞ  1
 
þ 1
5
1
Mðx;Tx; tÞ  1
 
þ 1
6
1
Mðy;Ty; tÞ  1
 
:
Therefore, T is in the class DCM
1
5
; 1
5
; 1
6
 	
. Note that, all the con-
ditions of Theorem 2.1 are satisﬁed and u ¼ 11
36
2 A1 \ A2 is the
unique ﬁxed point of T.
Example 2.2. Let X ¼ f1; 2; 3; 4; 5g and H be the usual prod-
uct. Consider the fuzzy set M : X2  ð0;1Þ ! ½0; 1 deﬁned
by
Mðx; y; tÞ ¼
x
y
; if x 6 y;
y
x
; if y 6 x:
(
for all x; y 2 X and t > 0:
Then ðX;M;HÞ is a complete fuzzy metric space. Let,
A1 ¼ f1; 2; 3g; A2 ¼ f3; 5g and Y ¼ A1
S
A2. Deﬁne,
T : Y ! Y by
Fuzzy cyclic contraction and ﬁxed point theorems 143T1 ¼ 3; T2 ¼ 5; T3 ¼ 3; T4 ¼ 3:
Then, it is clear that Y ¼ A1
S
A2 is a cyclic representation of
Y with respect to T. Now by a careful calculation one can see
that T 2 DCM 0; 49 ; 49
 	
.
Note that, all the conditions of Corollary 2.2 are satisﬁed
and u ¼ 3 2 A1
T
A2 is the unique ﬁxed point of T. Also, for
points x ¼ 2; y ¼ 3 one can see that there is no k 2 ½0; 1Þ such
that (2.1) is satisﬁed. Therefore, T is not a fuzzy cyclic
contraction.Acknowledgements
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